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1 Context and Motivation

Answer Set Programming (ASP) (Brewka, FEiter, and
Truszczynski 2011; Brewka, Eiter, and Truszczynski 2016)
is a well-recognized KRR formalism based on the stable
model semantics (Gelfond and Lifschitz 1991) which al-
lows to compactly model problems in NP via the typical
Guess & Check paradigm (Brewka, FEiter, and Truszczyn-
ski 2011). Even though ASP is expressive enough to model
problems up to the second level of the Polynomial Hier-
archy (PH), the modeling of problems beyond N P within
ASP is neither elegant nor intuitive (Gebser, Kaminski, and
Schaub 2011). Answer Set Programming with Quantifiers
(ASP(Q)) extends the ASP language by introducing existen-
tial and universal quantifiers over the answer sets of ASP
programs, thus enabling the modeling of problems across
the entire Polynomial Hierarchy (PH) (Amendola, Ricca,
and Truszczynski 2019). In particular, by alternating ex-
istential and universal quantifiers over n ASP programs, it
is possible to encode problems at the n-th level of the PH,
namely the complexity classes XX and ITZ. For instance,
complete problems for the second level of the PH (i.e., ¥4
and TI}) can be naturally represented as 2-ASP(Q) pro-
grams, that are, programs consisting of two quantifiers.
More formally, a 2-ASP(Q) program II is of the form:

|:|1P1E|2P2 :C (1)

where [y, [0y € {3%¢,v5'} with O; # Uy, Py and Py
are programs, and C' is a stratified program with con-
straints (Ceri, Gottlob, and Tanca 1990). Intuitively, the se-
mantics of 2-ASP(Q) programs where [J; = 3%, namely
existential 2-ASP(Q), can be formulated as: “there is an an-
swer set of a program P; such that for every answer set of a
program P, the program C, modeling admissibility of a so-
lution, is coherent,” (a dual sentence starting with “for all
answer sets of a program P;” can be used for 2-ASP(Q)
where [J; = V*¢, that are universal 2-ASP(Q)). Determin-
ing whether such a condition holds corresponds to the main
reasoning task in ASP(Q), known as the coherence prob-
lem. The evaluation of the coherence of ASP(Q) programs
is therefore the central task performed by ASP(Q) solvers.
State-of-the-art ASP(Q) solvers (Amendola et al. 2022;
Faber, Mazzotta, and Ricca 2023) translate ASP(Q) into
QBF and then exploit efficient QBF solvers (Hecking-
Harbusch and Tentrup 2018; Lonsing and Egly 2017; Jan-

ota et al. 2012) to determine the coherence of ASP(Q) pro-
grams. Even though this rewriting represents a viable solu-
tion, it has been empirically proved that that obtained QBF
formulae tend to be very large and hard to solve for QBF
solvers (Amendola et al. 2022; Faber, Mazzotta, and Ricca
2023). This naturally raises the question of whether a direct
implementation, taking inspiration from techniques used in
QBF solvers, can overcome this limitation. In this work,
we lift the Counterexample Guided Abstraction Refinement
(CEGAR) (Clarke et al. 2003) technique to 2-ASP(Q) solv-
ing. In particular, we propose an evaluation approach which
relies on programs transformations and on ASP solvers used
as oracles. We then present an implementation of this tech-
nique in a novel system called CASPER. Empirical results
show that CASPER consistently outperforms state-of-the-art
ASP(Q) solvers.

2 Solving 2-ASP(Q) via CEGAR

CEGAR (Clarke et al. 2003) is an iterative abstraction-
refinement technique which was successfully applied for
QBEF solving (Janota et al. 2016). In particular, Janota et al.
defined a CEGAR-based approach for QBF solving rooted
in a game-centric view of the QBF semantics. Following
the same line, we now introduce a game-centric view of 2-
ASP(Q) semantics on top of which it is possible to build a
CEGAR-based approach for evaluating 2-ASP(Q) program.

Game Centric View of 2-ASP(Q). Let II be a 2-ASP(Q)
program of the form (1). An answer set M of P; is a move
for (. Candidate countermoves to M, for [, are all the
answer sets of P, given M, (i.e., the program P, is aug-
mented with facts and constraint encoding M;). A candidate
countermove M5 is a countermove if either C' given M, is
incoherent and (s = V*%; or C given M, is coherent and
Oy = 3%, A winning move for (1, is a move M; of [J; such
that there does not exist a countermove for [y to M;. [y
wins if there exists a winning move for them.

Proposition 1. Let II be a 2-ASP(Q) program of the form (1)
then there exists a winning move for [y iff (i) I1 is incoherent
and Oy =V or (ii) Il is coherent and [0, = 3°¢.

CEGAR for 2-ASP(Q) Based on the game-centric view
for the semantics of 2-ASP(Q) programs, it is possible to



define a CEGAR-based approach for deciding the coherence
of 2-ASP(Q) programs. To this end, we need to define a way
for (¢) computing countermoves for [, to moves of [y (i.e.,
counterexample search); and (¢7) computing moves of [y
which avoid known countermoves for [ly (abstraction re-
finement). These two tasks can be carried out by defining
ad-hoc ASP programs, namely countermove program ctr
and refined program ref, whose answer sets correspond to
countermoves and possible winning moves respectively. In-
tuitively, the countermove program ctr can be obtained by
combining the programs P, and C' according to the quan-
tifier Oo. If Oy = V*¢, then countermoves correspond to
answer sets of P, which make the program C' incoherent.
Thus, ctr can be obtained as P, U —C where —C is obtained
from C by enforcing the violation of at least one constraint.
Otherwise, since [J; = 3¢, then countermoves correspond
to answer sets of P» which make the program C' coherent.
In this case, ctr is trivially obtained as P, U C.

Conversely, the refined program ref is aimed at comput-
ing moves for [J; that do not admit previously discovered
countermoves. Let us consider a move M, for [y, and a
countermove My to My for [y. Intuitively, M is a new
move for (; = 3%¢ (resp. ; = V*?) that does admit M, as
countermove if one of the following conditions hold:

1. M, is not an answer set of P, given M7;

2. M is an answer set of P, given M/ but C' given M, is
coherent (resp. incoherent).

Starting from this intuition, the refined program can be de-
fined by combining P;, P», and C. More precisely, the
program P is kept in its original form, since newly com-
puted moves must still be answer sets of P;. The program
P; is simplified according to My by considering the GL-
reduct (Gelfond and Lifschitz 1991) of P, with respect to
M, in order to verify whether M, remains an answer set of
P; under the new move. Finally, the program C' is rewritten
into a program C” that is activated only if M, is again an
answer set; C’ then checks the coherence of C' according to
O, that is, C must be coherent if [J; = 3°! and incoherent
otherwise. In this way, the refined program admits only an-
swer sets of the P; such that M5 is not again a countermove.
For further details refer to Definitions 3 and 4 from Cuteri,
Mazzotta, and Ricca. Starting from these intuitive defini-
tions of countermove and refined programs, it is possible
to design a CEGAR-based Algorithm to decide the coher-
ence of 2-ASP(Q) programs (see Algorithm 1). The idea
behind this approach is to interleave two calls to an ASP
solver acting as an oracle: one to compute possible winning
moves and another to attempt to disprove them by comput-
ing countermoves. These two operations are repeated in a
loop until one of the following conditions holds: (i) there
exists a move for which no countermove can be found, in
which case the move is winning; (i¢) every possible move
admits at least one of the discovered countermoves, imply-
ing that no winning move exists. Consequently, if condition
() holds, Algorithm 1 returns a winning move M;; other-
wise, it returns NU L L, indicating there is no winning move.

The CEGAR for 2-ASP(Q) approach has been imple-
mented into a new ASP(Q) solver named CASPER, which
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Figure 1: Overall execution time

Algorithm 1 CEGAR for 2-ASP(Q)

Input: A 2-ASP(Q) program II of the form U, P12 P : C
Output: A winning move M; for [y
I: CMs=10
2: Mj =solve(Pr)
3: while M; # 1 do
My = solve(ctr(II) U fizp, (M;)).
if M> = 1 then
return M;
else
M= M2|H(P2)
CMs=CMsU{M}
10 Ref=PUu |y 1M

MeCMs
11: end if
12:  Next =solve(Ref)
13: M, = Next|H(p1>
14: end while
15: return NULL

VAN k

leverages the CLINGO Python API to compute answer sets
of the refined and countermove programs. CASPER is avail-
able on github and ready to use as a python package (https:
//github.com/ndria00/Casper.git).

Experiments and Conclusion. To assess the impact of the
proposed approach, we conducted an experimental evalua-
tion. Benchmarks and source code are available at https:
/losf.io/wcySn. The evaluation includes hard benchmarks
from the literature (Amendola et al. 2022; Faber, Mazzotta,
and Ricca 2023), as well as two newly introduced bench-
marks. The results, summarized in the cactus plot in Fig-
ure 1, clearly show that CASPER consistently outperforms
state-of-the-art ASP(Q) systems. This advantage can be
attributed to two main factors: first, CASPER avoids the
overhead of translating ASP(Q) programs into QBF formu-
lae; second, the proposed refinement transformation effec-
tively prunes the space of candidate solutions (i.e., answer
sets of the first program) and rapidly converges to prove
(in)coherence of 2-ASP(Q) programs.

In conclusion, this approach gives birth to a new class of
efficient ASP(Q) solvers, not requiring translation to QBF.
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