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Abstract

We consider first-order (FO) rewritability for query answer-
ing in ontology-mediated querying (OMQ) in which ontolo-
gies are formulated in Horn fragments of description logics
(DLs). In general, OMQ approaches for such logics rely on
non-FO rewriting of the query and/or on non-FO comple-
tion of the explicit data in a knowledge base. Specifically,
we show how the problem of FO rewritability can be for-
malized in terms of Beth definability, and comment on how
Craig interpolation can then be used to effectively construct
the rewritings, when they exist, from Clark’s completion of
Datalog-like programs encoding a given DL TBox (and op-
tionally a query).

1 Introduction
Ontology-mediated querying (OMQ) is the problem of an-
swering conjunctive queries (CQs) over a knowledge base
(KB) that are typically formulated in Horn fragments of
description logics (DLs). Typical OMQ approaches rely
on either reformulating a given CQ by incorporating the
KB’s terminological knowledge (i.e., its TBox) (Calvanese
et al. 2005; Calvanese et al. 2007), and then executing
the reformulated query over the explicit data in the KB
(i.e., its ABox) as a relational first-order (FO) query, or,
for more expressive logics, on a completion of the ABox
with respect to the TBox (Lutz, Toman, and Wolter 2009;
Kontchakov et al. 2010; Kontchakov et al. 2011; Lutz et al.
2013). In the latter case, data completion can be expressed as
a Datalog program. This obtains the uniform FO rewritabil-
ity problem, that is, to determine if, for a particular TBox,
any given CQ can be equivalently expressed as an FO query
over any given ABox without the need for Datalog comple-
tion of the ABox. The existence of such a rewriting enables
an OMQ front-end to a relational data source encoding an
ABox to operate entirely by query reformulation of a given
CQ to an SQL query directly executable over the relational
data source, with no requirement to update the contents of
tables beforehand.

Our main contribution is a novel approach to deciding uni-
form FO rewritability of OMQ in two DLs, Horn-SHIQ

and Horn-DLFD, via Clark’s completion of Datalog pro-
grams (Clark 1977) and Beth definability (Beth 1953).

We then extend this result to show how our framework ex-
tends to query specific OMQ. We also show how a variant of

the perfect rewriting approach to OMQ can be synthesized
by appeal again to Beth definability and Craig interpolation
(Craig 1957).

FO rewritability for Horn logics in the ALC family has
been studied by others, e.g., (Bienvenu et al. 2016) and al-
gorithms have been developed for generating such rewrit-
ings for logics in the EL family (Hansen et al. 2015).
Our approach provides an interesting alternative path to de-
tecting rewritability and to generating rewritings utilizing
Beth definability and Craig interpolation. Another feature
of our approach is its eventual link to interpolation-based
query optimization (Hudek, Toman, and Weddell 2015;
Toman and Weddell 2011).

2 Background and The Problem
We assume the standard definitions of Horn-SHIQ and
Horn-DLFD knowledge bases, each consisting of a TBox
and an ABox (Hustadt, Motik, and Sattler 2005; McIntyre,
Toman, and Weddell 2019) and the associated query answer-
ing (OMQ) problems. Our primary concern is then formal-
ized as follows:

Definition 1 ((Uniform) FO Query Rewritability). Given a
TBox T , the problem of query rewritability is to determine if
there is a query reformulation 'T for every CQ ' such that,
for every ABox A and tuple of constant symbols~a, (T ,A) |=
'(~a) iff A |= 'T (~a).

DL Features that Preclude Rewritability. Consider the
following:
1. Role Transitivity: Consider a Horn-SHIQ knowledge
base with a TBox {trans(R)}. Then the CQ {(x, y) |

R(x, y)} cannot be FO rewritable since this would allow
one to answer the connectivity question with respect to any
ABox considered as a graph of R-edges.
2. Explicit ABox Equalities: Analogously to transitive
roles, allowing equality and inequality between ABox ob-
jects, and therefore not adopting the unique name assump-
tion (UNA), leads immediately to non-rewritability: Con-
sider a KB in which T = ; and a CQ {(x, y) | x = y}.
Again, this query solves the (undirected) connectivity prob-
lem in an ABox with explicit equalities between individuals
and thus cannot have an FO rewriting.



Hence, we consider the Horn-ALCHQI sub-dialect of
Horn-SHIQ without transitive roles, and also adopt UNA
for both Horn-SHIQ and Horn-DLFD in the rest of the
paper.

3 The Solution
Earlier work on OMQ for the FunDL family of DLs (McIn-
tyre, Toman, and Weddell 2019) has presented what was
called a combined combined approach to OMQ, and has
shown that it is essential to preserve tractability of OMQ
in the presence of (limited) value restrictions (Toman and
Weddell 2013; St. Jacques, Toman, and Weddell 2016;
McIntyre et al. 2019). A similar approach has been proposed
for Horn-SHIQ (Eiter et al. 2012). Based on this approach,
we study FO rewritability of OMQ for the above-mentioned
DLs: Horn-SHIQ in the ALC family, and Horn-DLFD in
the FunDL family.
Proposition 2 (The Combined Combined Approach). Let
K = (T ,A) be a consistent knowledge base and ' a CQ.
Then there is a union of CQs query (UCQ) 'T and a Dat-
alog program ⇧T , both of which can be effectively con-
structed from T , such that

K |= '(~a) () ⇧T (A) |= 'T (~a) (1)

for any tuple of constant symbols ~a, and where ⇧T (A) is the
minimal model of ⇧T when evaluated over A.

The proposition uses a Datalog program ⇧T to define an
ABox completion over which the query 'T , the rewriting of
the original user query, is evaluated to compute the certain
answers. Note that the existence of 'T indicates that the
non-rewritability of CQs is confined to the interaction of the
TBox with explicit data given by an ABox which is captured
by the Datalog program ⇧T . The program ⇧T introduces
a set of EDB(T ) predicates PB(x) and PR(x, y) for every
primitive concept B and role R,1 to account for explicit data
in A, and a set of IDB(T ) predicates CB(x) and RR(x, y)
with clauses derived from T corresponding to the comple-
tion of the ABox w.r.t. T . For example, a subsumption
A1 u A2 v B is transformed to CB(x) CA1(x),CA2(x).
To test for FO definability of the completion (i.e., all the CA

and RR predicates that stand for the completed ABox in-
stance), we use the following construction based on Clark’s
Completion ⌃T of ⇧T , a set of formulæ

CB(x)$ PB(x) _ (9y.↵1) _ . . . _ (9y.↵n)
RR(x, y)$ PR(x, y) _ �1 _ . . . _ �m

that correspond to clauses CB(x) ↵i and RR(x, y) �j

in ⇧T , grouped by the IDB(T ) predicates in the heads of the
⇧T clauses. Note that the completion is no longer a Datalog
program. However, it closes the original Datalog program in
the following sense:

1. All IDB(T ) atoms entailed by ⇧T [Adb are also entailed
by ⌃T [Adb, and

2. Negations of all IDB(T ) atoms that finitely fail over ⇧T [
Adb are entailed by ⌃T [Adb,
1We use role names Rf to stand for Horn-DLFD features f in

the subsequent constructions in the natural way.

where Adb is the closed world variant of A, a set of ground
facts such that all facts not in Adb are false. Clark’s comple-
tion differs from, e.g., the closed world assumption (CWA)
(Reiter 1977), and its variants, in a crucial way. For ex-
ample, for a clause of the form p  p (and for cycles in
programs to be completed in general), the completion sim-
ply generates a formula p $ p that in turn allows mod-
els in which p can be true and models in which p is false.
Moreover, had we used ⇧T instead of ⌃T , none of the de-
finability results could possibly hold, even in the absence of
role/feature subsumptions (such as role hierarchies). This
gives us a complete characterization of FO rewritability of
the ABox closure of individual primitive concept names
with respect to Horn-ALCHQI and Horn-DLFD TBoxes:
Theorem 3. Let T be a TBox in one of DL dialects con-
sidered. Then the completion of an ABox A w.r.t. T is FO
definable if and only if every predicate in IDB(T ) is Beth de-
finable (Beth 1953) over ⌃T w.r.t. the language of EDB(T ).

Given ⌃T , one can now reformulate the Beth definability
condition as a logical implication problem by making a copy
of all formulas of ⌃T in which all non-logical symbols not
in EDB(T ) are starred. Hence, the definability questions for
CA(x) and RR(x, y) can be expressed as respective logical
implication questions of the following forms.

⌃T [ ⌃⇤
T |= 8x.CA(x)! C⇤

A(x)
⌃T [ ⌃⇤

T |= 8x, y.RR(x, y)! R⇤
R(x, y)

(2)

Note that, on closer inspection, all formulas in ⌃T can be
written as ALCI subsumptions. Note also that, without role
constructors, there is no need to check for the definability of
RR(x, y) atoms since they are always definable. Hence:
Theorem 4. Let T be a TBox in one of the dialects consid-
ered. Then the existence of the uniform query rewritability
over T is decidable and in EXPTIME.

Note that the above holds due to the specific structure of
⇧T and is not applicable to general Datalog programs. In-
deed, (Chaudhuri and Vardi 1997) show much higher bounds
for general programs. A matching lower bound can be ob-
tained for expressive fragments of Horn-ALC (for which the
complexity of reasoning is EXPTIME-complete). However,
since the size (and the construction) of rewritings will com-
monly dominate this cost, even for the simplest ontology
languages (Kikot et al. 2012), exact complexity bounds are
mostly of academic interest.

4 Further Results in the Full Paper
The following extensions can be easily accommodated in
this definability-based framework:

1. One can apply Craig Interpolation (Craig 1957) to extract
definitions of CA(x) and RR(x, y) from proofs of (2);

2. One can make the rewritability test query specific by re-
placing the IDB(T ) predicates in (2) by 'T from (1); and

3. One can integrate the test with database integrity con-
straints that hold over Adb.

Interestingly, the second extension can also be used to au-
tomatically synthesize perfect rewritings (Calvanese et al.
2007) for TBoxes formulated in DL-Lite.
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